Lines and Planes Review

Linein R™: [(t) =P +1t0 =<p,p2,p3 > +t <0, 0p,03 > =<py + tv,ps +tvy,p3 + tvg >

through the point P =< p;, P2, p3 > in the direction of ¥ =< vy, v, V3 >

Planein R®: ax + by + cz + d = 0 with normal vector < a, b, ¢ >

Intersection of:

a)

b)

c)

Two lines [; (t) = P + t¥ =< p; + tvy,py + tvy,p3 + tvs > and
L(t)=Q +tw=<qq+twy,qz +twy,qa + twg >

Set [, (t) = l,(s) and solve over-determined system for t and s if possible

Alinel(t) =P +tv =<p, + tvy,py +tvy,p3 + tvs >andaplaneax + by +cz +d = 0:

substitute x, y, and z component of the line into the equation of the plane, solve for t

Two planes a1 x + byy + ¢,z +d; = 0 and azx + by + ¢,z + dy = O:
directional vector of the line of intersection must be perpendicular to both planes. Thus ¥ = n; X n,. To

find the point P, arbitrarily set x =0 (or y = 0 or z = 0) so that the two equations for the planes reduce to a
system of two variables. Solve that for the remaining variables to find the point P

Distances between:

a)

b)

c)

d)

e)

f)

Aline ax + by + ¢ = 0 and a point P(xg, yo) in R?:

. . |axg+bg+c|
The distanceisd = —2—2—
||<a,b=||

A plane ax + by + cz +d = 0 and a point P (g, Vo, Zo) in R®:

|PQ - 7| _ |axg+byy+czg+d|
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Find any point Q on the plane, then d = proj,(PQ) =

A line though the points Q and R in R® and a point P(xq, Vo, Zp):
 |ieE x|

The distanceisd = BT (see picture)

A plane and a line:
if the are not parallel, they intersect so distance is zero. If they are parallel, take any point P on the line

and use formula (b)

Two planes:
if they are not parallel, they intersect so distance is zero. If they are parallel, take any point P on the first

plane and use formula (b)

Two lines:

if they are not parallel, they likely won't intersect but if they do, the distance between them would clearly
be zero. If they don’t intersect, then the distance between the two lines will be perpendicular to both
lines. Thus, find a point P on the first line, a point Q on the second line, and project that to the cross
product of the two directional vectors.



Exercises

1. True/False

a) If two lines in R?are not parallel, they must intersect
b) If two lines in R? are not parallel, they must intersect

c) Ifaline and a planes are not parallel, they must intersect
d) If two planes are not parallel, they must intersect

e) Theplanes2x — 3y +z=1and3x+ 2y +z—1 = 0 are parallel

f) Thelinesly(t) =<1+1t2—t3+2t >andl,(t) =< 3,0,1> 4+t <1,—1,—1 > are parallel
g) Theplanex —3y+ 2z —9 = 0 andthelinel(t) =< 0,0,1 > +t < —2,6,—4 > are parallel
h) The point P(3,4,1) ison the line l(t) =< 3,33 > +t < 0,1,—2 >

i) The point P(3,4,1) ison the planex — 5y + 10z +7 =0

i) Thelinel(t) =<3 —1t2+t,1+ 3t >is contained in the plane 2x —y + z = 10

2. Compute the intersection between the given objects if possible. If that’s not possible, state why:

a) Between <2t—23-2t,t> and <t+12-3t,2t>

b) Between <2t—-2,3-2t,t> and x+y+z=1

c) Between X+Y+2z=1and 3x—-2y—-z=0

3. Compute the distance between the following objects if possible. If that’s not possible, state why.

a) P31 and 2x—-y=3

b) P@L1 and <t+1,2-3t,2t >

c) P@LLl) and x+Yy+2z=1

d) <2t-23-2t,t> and 2x+3y+2z=4

e) 2X+3y+2z=4and 4x+6y+4z=-10

f) <t+1,2-3t2t> and <3-3t,2+9t,4—6t >



