The Chi square test
The subject of statistics may be unfamiliar now, but you'll see more of it in future science coursework.  Statistics provides extremely important tools that investigators use to interpret experimental results.  Probably the most familiar statistic is the average, or "mean."  It tells us something useful about a collection of things: the mean grade on an exam, the mean life span of a species, the mean rainfall for a locale, etc. 

Chi is a letter of the Greek alphabet; the symbol is χ and it's pronounced like KYE, the  sound in "kite."   The chi square test uses the statistic chi squared, written χ2.  The "test" that uses this statistic helps an  investigator determine whether an observed set of results matches an expected  outcome.  In some types of research (genetics provides many examples) there may be a theoretical basis for expecting a particular result- not a guess, but a predicted outcome based on a sound theoretical foundation.  

A familiar example will  help to illustrate this.  In a single toss of a coin (called a "trial"), there are two possible outcomes:  head and tail.  Further, both outcomes are equally probable.  That is, neither one is more likely to occur than the other.  We can express this in several ways; for example, the probability of "head" is 1/2 (= 0.5), and the probability of "tail" is the same.  Then if we tossed a single coin 100 times, we would expect to see 50 heads and 50 tails.  That distribution (50:50, or 1:1) is an expected result, and you see the sound basis for making such a prediction about the outcome. Suppose that you do the 100 tosses and get 48 heads and 52 tails.  That is an observed result, a real set of data.  However, 48 heads: 52 tails is not exactly what you expected.  Do you suspect something's wrong because of this difference?  No?  But why aren't you suspicious?  Is the observed 48 heads: 52 tails distribution close enough to the expected 50 heads: 50 tails (= 1:1) distribution for you to accept it as legitimate? 

We need to consider for a moment what might cause the observed outcome to differ from the expected outcome.  You know what all the possible outcomes are (only two: head and tail), and you know what the probability of each is.  However, in any single trial (toss) you can't say what the outcome  will be.  Why?… because of the element of chance, which is a random factor.  Saying that chance is a random factor just means that you can't control it.  But it's there every time you flip that coin.  Chance is a factor that must always be considered; it's often present but not recognized.  Since it may affect experimental work, it must be taken into account when results are interpreted.  

What else might cause an observed outcome to differ from the expected?  Suppose that at your last physical exam, your doctor told you that your resting pulse rate was 60 (per minute) and that that's good, that's normal for you.  When you measure it yourself later you find it's 58 at one moment, 63 ten minutes later, 57 ten minutes later.  Why isn't it the same every time, and why isn't it 60 every time?  When measurements involving living organisms are under study, there will always be the element of inherent variability.  Your resting pulse rate may vary a bit, but it's consistently about 60, and those slightly different values are still normal.

In addition to these factors, there's the element of error.  You've done enough lab work already to realize that people introduce error into experimental work in performing steps of procedures and in making measurements.  Instruments, tools, implements themselves may have built-in limitations that contribute to error. 

Putting all of these factors together, it's not hard to see how an observed result may differ a bit from an expected result.  But these small departures from expectation are not significant departures.  That is, we don't regard the small differences observed as being important. 

What if the observed outcome in your coin toss experiment of 100 tosses (trials) had been 20 heads and 80 tails?  Would you attribute to chance that much difference between the expected and observed  distributions?  We expect chance to affect results, but not that much.  Such a large departure from expectation makes one suspect that the assumption about equal probabilities of heads and tails is not valid.  Suppose that the coin had been tampered with, had been weighted, so as to favor the tail side coming up more often?  How do we know where to draw the line between an amount of difference that can be explained by chance (not significant) and an amount that must be due to something other than chance (significant)? That is what the chi square test is for, to tell us where to draw that line.

In performing the χ2 test, you have an expected distribution (like 50 heads: 50 tails) and an observed distribution (like 40 heads: 60 tails, the results of doing​ the experiment). From these data you calculate a χ2 value and then compare that with a predetermined χ2 value that reflects how much difference can be accepted as insignificant, caused by random chance.  The predetermined values of χ2 are found in a table of "critical values."  Such a table is shown on the last page here.

Calculation of chi square

The formula for calculating χ2 is: χ2 =  Σ [(o - e)2 / e], where "o" is observed and "e" is expected.

The sigma symbol, Σ, means "sum of what follows."

For each category (type or group such as "heads") of outcome that is possible, we would have an expected value and an observed value (for the number of heads and the number of tails, e.g.)  For each one of those categories (outcomes) we would calculate the quantity (o - e)2/e  and then add them for all the categories, which was two in the coin toss example (head category and tail category).  It is convenient to organize the data in table form, as shown below for  two coin toss experiments.

	
	Experiment 1 

(100 tosses)
	
	Experiment 2 

(100 tosses)

	
	
	
	

	
	heads
	tails
	
	heads
	tails

	o (observed)
	47
	53
	
	61
	39

	e (expected)
	50
	50
	
	50
	50

	o - e
	-3
	3
	
	11
	-11

	(o - e)2
	9
	9
	
	121
	121

	(o - e)2/e
	0.18
	0.18
	
	2.42
	2.42

	χ2
	0.36
	
	4.84

	NOTE:  do not take square root of χ2.  The statistic is χ2, not χ.

	Note that in each experiment the total number of observed must equal the total number of expected.  In expt. 1, for example, 47 + 53 = 100 = 50 + 50.


Selection of critical value of chi square

Having calculated  a χ2  value for the data in experiment #1, we now need to evaluate that χ2 value.  To do so we must compare our calculated χ2 with the appropriate critical value of χ2  from the table shown on the last page here.  [All of these critical values in the table have been predetermined by statisticians.]   To select a value from the table, we need to know 2 things:

1. the number of degrees of freedom.  That is one less than the number of categories (groups) we have.  For our coin toss experiment that is 2 groups - 1 =  1.  So our critical value of χ2 will be in the first row of the table.  

2. the probability value, which reflects the degree of confidence we want to have in our interpretation.  The column headings 0.05 and 0.01 correspond to probabilities, or confidence levels.  0.05 means that when we draw our conclusion, we may be 95% confident that we have drawn the correct conclusion.   That shows that we can't be certain; there would still be a 5% probability of drawing the wrong conclusion.  But 95% is very good.  0.01 would give us 99% confidence, only a 1% likelihood of drawing the wrong conclusion.  We will now agree that, unless told otherwise, we will always use the 0.05 probability column (95% confidence level).
For 1 degree of freedom, in our coin toss experiment, the table χ2 value is 3.84.  We compare the calculated χ2 (0.36) to that.

The interpretation
In every χ2-test the calculated χ2 value will either be (i) less than or equal to the critical χ2 value OR (ii) greater that the critical χ2 value.  

• If calculated χ2  ≤  critical χ2, then we conclude that there is no statistically significant difference between the two distributions.  That is, the observed results are not significantly different from the expected results, and the numerical difference between observed and expected can be attributed to chance.

• If calculated χ2  >  critical χ2, then we conclude that there is a statistically significant difference between the two distributions.  That is, the observed results are significantly different from the expected results, and the numerical difference between observed and expected can not be attributed to chance.  That means that the difference found is due to some other factor.  This test won't identify that other factor, only that there is some factor other than chance responsible for the difference between the two distributions.

For our expt. #1, 0.36 < 3.84.  Therefore, we may be 95% confident that there is no significant difference between the 47:53 observed distribution and the 50:50 expected distribution.  That small difference is due to random chance.

For expt. #2 shown in the table above, the calculated χ2 =  4.84.     4.84 > 3.84.   Therefore the 61:39 observed distribution is significantly different from the 50:50 expected distribution.  That much difference cannot be attributed to chance.  We may be 95% confident that something else, some other factor, caused the difference. The χ2-test won't identify that other factor, only that there is some factor other than chance responsible for the difference between the two distributions.  

A common mistake in performing the chi square test
Suppose in a coin toss experiment you got 143 heads and 175 tails; see the table setup below.  That's 318 tosses (trials) total.  In setting up the table to calculate χ2, note that the expected 1:1 distribution here means that you expect 159 heads:159 tails, not 50 heads and 50 tails as previously when the total was only 100. The point here: the sum of observed values for all groups must equal the sum of expected values for all groups.  In this example 143 + 175 = 318 and 159 + 159 = 318.

	
	heads
	tails

	o (observed)
	143
	175

	e (expected)
	159
	159

	o - e
	-16
	16

	(o - e)2
	256
	256

	(o - e)2/e
	1.61
	1.61

	χ2
	3.22


Another example, this time from genetics:   Here's the situation.  

Suppose that one locus controls height of a type of plant.  Dominant allele "G" produces tall plants; recessive allele "g" produces short plants.  A second, unlinked locus controls flower color.  Dominant "R" produces red flowers, and recessive "r" produces white flowers.   Then, we cross two heterozygous tall, heterozygous red-flower plants, and collect 80 seeds (progeny) from the mating. We plant the seeds and look to see the height and flower color features of these offspring.  The results:  40 tall red:  21 tall white:  9 short red:  10 short white.  Does this observed distribution fit the expected distribution?  That is, are these results significantly different from the expected outcome?

	
	tall red
	tall white
	short red
	short white

	o (observed)
	40
	21
	9
	10

	e (expected)
	45
	15
	15
	5

	o - e
	-5
	6
	-6
	5

	(o - e)2
	25
	36
	36
	25

	(o - e)2/e
	0.56
	2.40
	2.40
	5.00

	χ2
	10.36


The given information says that both parents have the genotype G//g R//r.  Then the expected distribution of progeny phenotypes would be 9/16 tall red: 3/16 tall white: 3/16 short red: 1/16 short white. [This is a cross like the first dihybrid cross we did in lecture.]  The total number of observed progeny in this cross is 80.  So the expected values are based on that total: 9/16 of 80 = 45 tall red expected, and so forth.  (Refer to the setup table above.)  The total number expected must equal the total number observed.   Entering the fractions 9/16, 3/16, etc. in the setup table for expected values is incorrect and would given a wildly incorrect χ2 value.   And that, in turn, would probably lead us to the wrong conclusion in interpreting the results.

The observed distribution (which is given in the problem) is obviously "different" from the expected.  The numbers aren't the same, are they?   But that difference may just be due to chance, as discussed earlier here.  The χ2 -test will help us decide whether the difference is significant.    Here the calculated χ2 value is 10.36.  There are 3 degrees of freedom here (4 categories - 1).  So, the critical χ2 value for 0.05 probability (see table on the last page) is 7.81.  Since our calculated value exceeds the critical value, we conclude that there is a significant difference between the observed distribution and the expected distribution.  The difference found here could not be attributed to chance alone.  We may be 95% confident of this conclusion.  What does this mean?   Perhaps the inheritance of these traits is not as simple as 2 unlinked loci with dominant and recessive alleles at each.  Or maybe there is some environmental factor that influenced the outcome.   That is for additional investigation to determine.  The χ2-test alerted us to the fact that our results were too much different from the expectation.

 Hypothesis testing
Statisticians formally describe what we've just done in terms of testing a hypothesis.  This process begins with stating the "null hypothesis."  The null hypothesis says that the difference found between observed distribution and expected distribution is not significant, i.e. that the difference is just due to random chance.  Then we use the χ2-test to test the validity of that null hypothesis. 

If calculated χ2 ≤ critical χ2, then we accept the null hypothesis.  That means that the two distributions are not significantly different, that the difference we see is due to chance, not some other factor.    On the other hand, if  calculated χ2 > critical χ2, then we reject the null hypothesis.  That means that the two distributions are significantly different, that the difference we see is not due to chance alone.

Note this well:  In performing the chi squared test in this course, it is not sufficient in your interpretation to say "accept null hypothesis" or "reject null hypothesis."  You will be expected to fully state whether the distributions being compared are significantly different or not and whether the difference is due to chance alone or other factors.

	Table of chi square critical values

	
	probability (P)

	degrees of freedom*
	0.05
	0.01

	
	
	

	1
	3.84
	6.63

	2
	5.99
	9.21

	3
	7.81
	11.34

	4
	9.49
	13.28

	5
	11.07
	15.09

	6
	12.59
	16.81

	7
	14.07
	18.48

	8
	15.51
	20.09

	9
	16.92
	21.67


	10
	18.31
	23.21

	11
	19.68
	24.73

	12
	21.03
	26.22

	13
	22.36
	27.69

	14
	23.68
	29.14

	15
	25.00
	30.58

	16
	26.30
	32.00

	17
	27.59
	33.41

	18
	28.87
	34.81

	19
	30.14
	36.19

	20
	31.41
	37.57

	* d.f. = one less than the number of categories (groups, classes) in the test
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