
 

 

 

Summary 19: Integration 

Definition:  

     ∬ 𝑓(𝑥, 𝑦)𝑑𝐴
𝐷

= lim
𝑛,𝑚→∞

∑ ∑ 𝑓(𝑥𝑖 , 𝑦𝑗)∆𝑥𝑖∆𝑦𝑗
𝑚
𝑗=1

𝑛
𝑖=1 . 

Geometric Meaning: 

     ∬ 𝑓(𝑥, 𝑦)𝑑𝐴
𝐷

 gives the (net) volume under the surface 𝑧 = 𝑓(𝑥, 𝑦) 

over the set 𝐷 in the plane 
How-to Theorem (Fubini’s Theorem):  
     Suppose 𝑓(𝑥, 𝑦) is continuous on the rectangle [𝑎, 𝑏] × [𝑐, 𝑑]. Then 

∬ 𝑓(𝑥, 𝑦)𝑑𝐴
𝐷

= ∫ ∫ 𝑓(𝑥, 𝑦)
𝑑

𝑐

𝑏

𝑎

𝑑𝑦 𝑑𝑥 = 

                        = ∫ ∫ 𝑓(𝑥, 𝑦)
𝑏

𝑎

𝑑

𝑐

𝑑𝑥 𝑑𝑦 

 
Note: we typically setup the integral by hand, but we evaluate it using 
Mathematica. For the example on the right we would type: 

 

Find ∬ 2𝑥𝑦 + 3𝑥2 − 𝑦2
𝐷

𝑑𝐴 where 𝐷 =

[0,2] × [0,3] 
 
Using Fubini’s theorem, we have 

∬ 2𝑥𝑦 + 3𝑥2 − 𝑦2
𝐷

𝑑𝐴 = 

   = ∫ ∫ 2𝑥𝑦 + 3𝑥2 − 𝑦23

0
𝑑𝑦 𝑑𝑥 

2

0
= 

   = ∫ (𝑥𝑦2 + 3𝑥2𝑦 −
1

3
𝑦3|

𝑦=0

𝑦=3
)  𝑑𝑥 

2

0
= 

   = ∫ (9𝑥 + 9𝑥2 − 9) 𝑑𝑥 
2

0
= 

   = 
9

2
𝑥2 + 3𝑥3 − 9𝑥|

0

2
 =  

   = 18 + 24 − 18 = 24 
And also: 

∬ 2𝑥𝑦 + 3𝑥2 − 𝑦2
𝐷

𝑑𝐴 = 

   = ∫ ∫ 2𝑥𝑦 + 3𝑥2 − 𝑦22

0
𝑑𝑥 𝑑𝑦 

3

0
= 

   = ∫ (𝑥2𝑦 + 𝑥3 − 𝑦2𝑥|𝑥=0
𝑥=2) 𝑑𝑦 

3

0
= 

   = ∫ (4𝑦 + 8 − 2𝑦2) 𝑑𝑦 
2

0
= 

   = 2𝑦2 + 8𝑦 −
2

3
𝑦3|

0

3
 =  

   = 18 + 24 − 18 = 24 

Integrating over more general domains:  
If 𝐷 = { (𝑥, 𝑦): 𝑎 ≤ 𝑥 ≤ 𝑏, 𝑔1(𝑥) ≤ 𝑦 ≤ 𝑔2(𝑥)} then 

∬ 𝑓(𝑥, 𝑦)
𝐷

𝑑𝐴 = ∫ ∫ 𝑓(𝑥, 𝑦)

𝑔2(𝑥)

𝑔1(𝑥)

𝑑𝑦 𝑑𝑥

𝑏

𝑎

 

If 𝐸 = { (𝑥, 𝑦): 𝑐 ≤ 𝑦 ≤ 𝑑, ℎ1(𝑦) ≤ 𝑥 ≤ ℎ2(𝑦)} then 

∬ 𝑓(𝑥, 𝑦)
𝐸

𝑑𝐴 = ∫ ∫ 𝑓(𝑥, 𝑦)

ℎ2(𝑦)

ℎ1(𝑦)

𝑑𝑥 𝑑𝑦

𝑑

𝑐

 

Find ∬ 2𝑥𝑦
𝐷

𝑑𝐴  

where 𝐷 is the region  
bounded by 𝑦 = 𝑥2  
and 𝑦 = 𝑥 
 

∬ 2𝑥𝑦
𝐷

𝑑𝐴 = ∫ ∫ 2𝑥𝑦
𝑥

𝑥2

1

0
𝑑𝑦 𝑑𝑥 = 

    = ∫ (𝑥𝑦2|
𝑦=𝑥2
𝑦=𝑥

)
1

0
𝑑𝑥 =  

    = ∫ 𝑥 𝑥2 − 𝑥 (𝑥2)2 𝑑𝑥
1

0
 =  

    = ∫ 𝑥3 − 𝑥51

0
𝑑𝑥 =

1

4
−

1

6
=

1

12
  

 

 


