Summary 8: Lines, Planes, and Distances

Lines
Parametric equation of a line though point P with directional vector v is:
l(t) = PO + tﬁ =< P1,D2,P3 >+t < V1,V,,V3 > =
=< pl + tvl,pz + tvz,p3 + tv3 >

I(t) =<1,23>+t <301 >=
=<1+4+3t23+t>

Planes
The equation of a plane with normal vector 1 =< a, b, ¢ > through the
point P (xg, Yo, Zo) is:
a(x—x0) +b(y—yo) +c(z—2)) =0
or equivalently
ax+by+cz+d=0

2c+1)-3(y—-1D+(=-3)=0
or equivalently

2x+2-3y+3+z—-3=0
or 2x—3y+z+2=0

Distances

Distance between two points P(xg, Vo, Zg) and Q(x1,¥Y1,21):

d=/(x1 —x0)? + (1 — ¥0)? + (21 — 20)?
Distance between point P(x, yo, Zo) and plane ax + by + cz+ d = 0:
Find any point Q on the plane. Then

_ . A |7-PQ| __laxo+b yo+c zo+d|
d = |loroja(PO)|| = 5t or d = 22k

|17

Distance between line and plane:
First, check if they are parallel. If not, distance is zero. Otherwise
pick any point on the line and use formula above

Distance between two planes:
First, check if they are parallel. If not, distance is zero. Otherwise
pick any point on the second plane and use formula above
Distance between point Q and line:

. g — I[PxPali . _ laxo+byo+dl|
If 3D problem: d = G If 2D problem: d = N

Distance between two lines 1, (t) = P + t¥; and 1,(t) = Q + tv,:

. (v, X v,) - PQ|
@ = [lprojuys, (POI| = = =2 =

Distance between P(1,2,3) and 3x +
4y — 5z = 6: Take Q(2,0,0). Then:

_ <34,-5><1,-2,-3> 10

d= =—or
32+42+4(-5)2 V50
d = [3%1+4%2—5%3—6] _ 10
V50 V50

Distance between x +y — 2z = 1 and
I(t) =< 0,03 > +t < 4,2,3 >:We
have < 1,1, -2 >< 4,2,3 >= 0 so they
are parallel. Pick P(0,0,3) on the line

and Q(1,0,0) on the plane. Then:
_ <1,1,-2><1,0,-3> _ 7

d==rmmc: R
g lovo-s-i_ 7

V6 V6
Distance between planes x +y —z =1

and 3x — 3y + 3z = 42: planes are not
parallel so distance is zero.

No examples necessary, these formulas
are rarely used

Note: the “take-away” formula you really need to know is that of the distance between a point and a
plane or, consequently, between a line and a (parallel) plane or between two (parallel) planes.




