
Summary 3: Vectors and Dot Product 

Adding/ subtracting vectors algebraically: 
If ݒԦ =< ௫ݒ , ௬ݒ , ௭ݒ > and ݓሬሬԦ =< ,௫ݓ ௬ݓ , ௭ݓ >, then  

 ݒԦ + ሬሬԦݓ =< ௫ݒ , ௬ݒ , ௭ݒ > +< ௫ݓ , ௬ݓ , ௭ݓ >= 
             = < ௫ݒ + ,௑ݓ ௬ݒ + ௬ݓ , ௭ݒ + ௭ݓ >  and 

 ݒԦ + ሬሬԦݓ =< ௫ݒ , ௬ݒ , ௭ݒ > −< ௫ݓ , ௬ݓ , ௭ݓ >= 
             = < ௫ݒ − ,௑ݓ ௬ݒ − ௬ݓ , ௭ݒ − ௭ݓ >  

 
If ݒ =< 1,2,3 > and 
ݓ    =< −2,3, −1 > then: 
ݒ + ݓ =< −1,5,2 >  
ݒ − ݓ =< 3, −1,4 >  

Basic Definitions:  

Length or norm of vector ݒԦ =< ௫ݒ , ௬ݒ , ௭ݒ > is:  

       ห|ݒԦ|ห = ඥݒଵ
ଶ + ଶݒ

ଶ + ଷݒ
ଶ  

A unit vector ݑሬԦ is a vector with norm 1:  ห|ݑሬԦ|ห = ඥݑଵ
ଶ + ଶݑ

ଶ + ଷݑ
ଶ = 1 

For any non-zero vector ݒԦ there is a vector ݑሬԦ =
ଵ

ห|௩ሬԦ|ห
 Ԧ with the sameݒ 

direction and length  

If ݒԦ =< ,ݔ ݕ > is a two dimensional vector in polar coordinates, i.e. 
with length ݈ and angle ߠ, then ݔ = ݈ cos (ߠ) and ݕ = ݈ sin (ߠ)  

The vectors ଙԦ = < 1,0,0 >, ଚԦ = < 0,1,0 >, and ࢑ሬሬԦ = < 0,0,1 > are 
called the unit basis vectors. Every vector ݒԦ =< ,ଵݒ ,ଶݒ ଷݒ > can be 
written as ݒ = ଵଙԦݒ + + ଶଚԦݒ   ሬሬԦ࢑ଷݒ

 

 

|| < 1,3, −2 > || = √14  
 

ݑ =< √ଷ

ଶ
, 0,

ଵ

ଶ
> is a unit vector 

If ݒ =< 1,3, −2 >, then  
ݑ =

ଵ

√ଵସ
< 1,3, −2 > is unit vector 

If ݒ has length 2 and angle గ
ଷ

, then 

ݒ =< 2 cos ቀ
గ

ଷ
ቁ , 2 sin ቀ

గ

ଷ
ቁ > 

ݒ =< 1, −3,2 >= ࢏ − ࢐3 +   ࢑2

The Dot Product 

Definition: The dot product between ݒԦ =< ,ଵݒ ,ଶݒ ଷݒ > and ݓሬሬԦ =<
,ଵݓ ,ଶݓ ଷݓ >  is: ݒ ∙ ݓ = ଵݓଵݒ + ଶݓଶݒ +  . ଷݓଷݒ

Theorem: The dot product between two vectors is a scalar. It has the 
following properties: 
(i)  ݒԦ ∙ Ԧݒ = ห|ݒԦ|ห

ଶ
, (ii) ݒԦ ∙ ሬሬԦݓ) + (Ԧݖ = Ԧݒ ∙ ሬሬԦݓ + Ԧݒ ∙ Ԧݒ Ԧ , (iii)ݖ ∙ ሬሬԦݓ = ሬሬԦݓ ∙  Ԧݒ

Theorem: The dot product between two vectors gives, essentially, 
the (cosine of) the angle between them. Specifically:  

௩ሬԦ ∙ ௪ሬሬԦ

ห|௩ሬԦ|ห||௪ሬሬԦ||
= cos (ߠ).  

Corollary: Two vectors ݒԦ and ݓሬሬԦ are perpendicular iff ݒԦ  ∙ ሬሬԦݓ = 0 
 

 

< 1,3, −2 >∙< 3, −2, −4> 
= 3 − 6 + 8 = 5 

 

 
 

Angle between ݒ =< −1,2,2 > 
and ݓ =< 3, −2, −4 > is: 
cos(ߠ) =

ழଵ,ଶ,ଶவ∙ழଷ,ଶ,ଵவ

√ଽ√ଵସ
=

ଽ

√ଵଶ଺
  

 
< 1, −4,0 > and <8,2,9> are 
perpendicular because 
 < 1, −4,0 >∙< 8,2,9 >= 0 

 


