
Math 2511: Calc III - Practice Exam 3 
1. State the meaning or definitions of the following terms: 

a) vector field, conservative vector field, potential function of a vector field, volume, length of a curve, work, 
surface area, flux of a vector field, triple integral 

b) curl and divergence of a vector field F, gradient of a function 
c) 

R

dA   

 


R

dAyxf ),(  

 
 ∭ ,ݕ,ݔ)݂ ொܸ݀(ݖ  
 

d) 
C

ds  or  

 


C

dsyxf ),(  

 
 

C

dxyxf ),(   

 


C

dyyxf ),(  

 
e)  

C

rdF   

 

 
C

dzzyxPdyzyxNdxzyxM ),,(),,(),,(  

 
f)  

S

dSzyxg ),,(  

 
 ∬ ܨ⃗  ∙ ሬ݊⃗  ݀ܵௌ  
 
 

g) What does it mean when a “line integral is independent of the path”? 
 
 
 
 
 

h) State the Fundamental Theorem of Line Integrals. Make sure to know when it applies, and when it helps 
 
 
 
 
 
 

i) State Green’s Theorem. Make sure to know when it applies, and in what situation it helps. 



 
 
 
 
 

j) State Stoke’s Theorem. Make sure to know when it applies, and in what situation it helps. 
 
 
 
 
 
 

k) State Gauss’ Theorem. Make sure to know when it applies, and in what situation it helps. 
 
 
 
 
 
 
 
 
2. Below are four algebraic vector fields and four sketches of vector fields. Match them. 

[A] [B] [C] [D]  
 
 
 
(1)  yxyxF ,),( , (2)  xyyxF ,),( , (3)  1,),( xyxF , (4)  yyxF ,1),(  
 
 
 
 
b) Below are two vector fields. Which one is clearly not conservative, and why?   

  
 
 

c) Say in the left vector field above you integrate over a straight line from (0,-1) to (1,0). Is the integral positive, 
negative, or zero?  

 
 

How about if you integrate from (-2,1) to (2,1)?  
 



 
How about from (-2,-1) to (2,-1)? 

 
 
 
d) Below are two slices of a 3D surface submerged in a 3D vector field. Imagine the picture as extending outwards 

of the paper. The normal vector shown is determined by the orientation of the surface. Is the flux ∬ ܨ⃗  ∙ ሬ݊⃗  ݀ܵௌ  
positive, negative, or zero, for each surface? 

 
 

   
 
 
 
 
 
 
 

3. Are the following statements true or false: 
a) If the divergence of a vector is zero, the vector field is conservative. 

 
b) If ),,( zyxF  is a conservative vector field then 0)( Fcurl  

 
c) If a line integral is independent of the path, then ∬ ܨ ∙ ݊ ݀ܵௌ = 0 for every path surface S 

 
d) If a vector field is conservative then 0

C

drF  for every closed path C 

 
e) 

R

dA  gives the surface area of the region R 

 
f) 

R

dAyxf ),(  gives the volume of the region under the surface f(x,y) and over R, if f is positive. 

 
g) ∭ ܸ݀ொ  gives the volume of Q 

 
h) Can you apply the Fundamental Theorem of line integrals for the function )cos()sin(),,( 22 yxzxyzyxf  ? 

 
i) Can you apply the Fundamental Theorem of line integrals for the vector field 

 736,36),( 2222 yyxxxyyxF ? 
 

j) Can you apply Green’s theorem for a curve C, which is a straight line from (0,0,0) to (1,2,3)? 
 

k) Can you apply Green’s theorem for a vector field ܨ =< ,ݖݕ,ݕݔ ݔݖ > and a closed surface S? 



 
l) Can you apply Gauss’ theorem for a vector field ܨ =< ,ݖݕ,ݕݔ ݔݖ > and a surface S given by ݖ =  (ݕ,ݔ)݂

 
m) Can you apply Stoke’s theorem for a 3D vector field and a surface S given by z = f(x,y)  
 

4. Suppose that  yxzxzyxzyxF 2223 ,,),,(  is some vector field. Find, if possible 
a) div(F),  

 
 
curl(F),  
 
 
div(div(F)),  
 
 
curl(curl(F)),  
 
 
div(curl(F)),  
 
 
curl(div(F)),  
 
 
grad(curl(F)) 
 
 
grad(div(F)) 
 
 

b) grad., div., and curl of the vector field if appropriate for  222 ,, zyx  
 
 
 
 
 
 

c) grad., div., and curl of the vector field if appropriate  for  xyzyxxxyy ),sin()sin(),cos()cos(  
 
 
 
 
 
 

d) grad., div., and curl of the vector field if appropriate for )ln(),,( 22 yxzzyxf   
 
 
 
 
 
 
5. Decide which of the following vector fields are conservative. If a vector is conservative, find its potential function 

a)  2,2),( xxyyxF  
 



 
b)  )sin(),cos(),( yeyeyxF xx  

 
 
 

c)  1,cos),sin(),,( yxyzyxF  
 
 
 

d)  zyzxxyzyxF 2,,2),,( 22  
 
 
 

e)  736,36),( 2222 yyxxxyyxF  
 
 
 

f)  )2cos(1(3),2sin(2),( 23 xyxyyxF  
 
 
 

g)  zyxzxyzyxF 2,62,4),,( 2  
 
 
 

h)  xzyzxzxyzyxF 2,62,4),,( 22  
 
 
 
6. Evaluate the following integrals: 

a) 
R

dAx )cos( 2  where R is the triangular region bounded by y = 0, y = x, and x = 1 

 
 
 
 
 
 

b)  
1

0

2

1

32 dxdyyx
y

  

 
 
 
 

c) 
C

ds , where C is the curve given by  tttr 1,)( 2 , 20  t  (you might want to use Maple at some point) 

 
 
 
 
 



d) dxyx
C
 32 , where C is the curve given by  32 ,)( tttr , 20  t  

 
 
 
 
 
 

e) dsyx
C
  32  where C is the circle  )sin(2),cos(2)( tttr ,  t0  

 
 
 
 
 
 

f) dszyx
C
  32  where C is a line segment given by  ttttr 3,2,)( , 10  t  

 
 
 
 
 

g)  
C

drF  where  2,),( xyyxF  and C is the curve given by  24,4)( ttttr , 30  t  

 
 
 
 
 
h)  

C

drF  where  zyxyzyxF ,,),( 2  and C is the curve given by  22,3,1)( ttttr , 31  t  

 
 
 
 
 
i)  

C

dyxydx 2  where C is a parabolic arc given by  21,)( tttr , 11  t  

 

 

j) Find the surface integral dSzyx
S
  2 , where S is the surface yxz 2210   such that x is between 0 and 

2 and y is between 0 and 4. 

 

 

 



 

k) dSzx
S
  )(  where S is the first-octant portion of the cylinder 922  zy  between x = 0 and x = 4 

 
 
 
 
 

 
7. For some of the following line integrals there may be short-cut you can use to simplify your computations (but justify 

your shortcut by quoting the appropriate theorem) 
a)  

C

drF  where  )sin(),cos(),( yeyeyxF xx  and C is the curve  )sin(2),cos(2)( tttr , 20  t  

 
 
 
 
 
 

b)  
C

ydzxzdyxxyzdx 222  where C is some smooth curve from (0,0,0) to (1,4,3) 

 
 
 
 
 
 
 

c)  
C

drF  where  13,1),( 23 xyyyxF  and C is the upper half of the unit circle, from (1,0) to (-1,0) 

 
 
 
 
 
 

d)  
C

drF  where  23 3,),( xyxyyxF  and C is the line segment from (-1,0) to (2,3). 

 
 
 
 
 
 

e)  
C

dyxyxdxy )3( 233  where C is the path from (0,0) to (1,1) along the graph of 3xy   and from (1,1) to (0,0) 

along the graph of xy  . 
 
 
 
 
 
 



 

8. Green’s Theorem 

a) Use Green’s theorem to find  
C

drF  where  233 3,),( xyxyyxF  and C is the circle with radius 3, 

oriented counter-clockwise (You may need the double-angle formula for cos somewhere during your 
computations, or use Maple) 

 
 
 
 
 
 
 

b) Evaluate 
R

dA  where R is the ellipse 1
94

22


yx

 by using a vector field 
2

,
2

),( xyyxF  and the 

boundary C of the ellipse R. Note that we did this in class, it is a very special application of Green’s theorem. 

 

 

 

 

 

c) Find the surface integral dSzyx
S
  2 , where S is the surface yxz 2210   such that x is between 0 and 

2 and y is between 0 and 4. 

 

 

 

 

d) Evaluate the flux integral 



S

dSnF  where  zyxzyxF ,,),,(  and S is 4222  zyx  

 

 

 

 



e) Evaluate 


C

drF  where  222 ,,),,( yxzzyxF  and C is the boundary of the surface S given by 

224 yxz   and 0z , oriented counter-clockwise. 

 
 
 
 
 
 
 

f) Evaluate ∫ ஼ݎ⃗݀ ܨ⃗  where ݕ,ݔ)ܨ, (ݖ =< ,ݔ,ଶݕ− ଶݖ > and C is the curve bounding the ellipse S consisting of the 
intersection of the plane ݕ + ݖ = 2 and the cylinder ݔଶ + ଶݕ = 1 

 

 

 

 

 

 

g) Evaluate ∬ ௌܵ݀ ݊ (ܨ)݈ݎݑܿ  where ݕ,ݔ)ܨ, (ݖ =< ,ݖݕ,ݖݔ ݕݔ > and S is the part of the sphere ݔଶ + ଶݕ + ଶݖ = 4 
that lies inside the cylinder ݔଶ + ଶݕ = 1 above the xy-plane. 

 
 
 
 
 
  

9. Evaluate the following integrals. You can use any theorem that’s appropriate: 

h)  
C

ydzxzdyxxyzdx 222  where C is a smooth curve from (0,0,0) to (1,4,3) 

 
 
 
 
 
 
 

i)  
C

xdyydx 2  where C is the boundary of the square with vertices (0,0), (0,2), (2,0), and (2,2) 

 
 
 
 
 
 
 



 
j)  

C

ydyxdxxy 22 , where C is given by  )sin(2),cos(4)( tttr , t between 0 and 2 Pi. 

 
 
 
 
 
 

k)  
C

dyxxydx 2  where C is the boundary of the region between the graphs of 2xy   and xy  . 

 
 
 
 
 
 
 
 
 
 
 
10. Prove that if  ),,(),,,(),,,(),,( zyxPzyxNzyxMzyxF  is any vector field where PNM ,,  are twice 

continuously differentiable then 0))(( Fcurldiv  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Use Green’s Theorem to prove that integrals of a conservative vector fields over closed curves are zero (assuming that 
the closed curve encloses a simply connected region and all conditions of Green’s theorem are satisfied). 

 
 
 
 
 
 
 
 


