Math 2511: Calc Ill - Practice Exam 3
State the meaning or definitions of the following terms:
a) vector field, conservative vector field, potential function of a vector field, volume, length of a curve, work,
surface area, flux integral
b) curl and divergence of a vector field F, gradient of a function

c) HdA or ”f(x,y)dA orffo f(x,y,z)dV

R

d) JKS’ or Ids or .[f(x, y)ds or J.f(x,y)dx or .[f(x, y)dy or MS
o [F-dr sffiais

S

f) J.M(x,y,z)dx + N(x,y,z)dy + P(x,y,z)dz
C

g) What does it mean when a “line integral is independent of the path™?
h) State the Fundamental Theorem of Line Integrals. Make sure to know when it applies, and when it helps.

Below are four algebraic vector fields and four sketches of vector fields. Match them
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(D) F(x,y)=<x,y>,2) F(x,y)=<-3,x>,3) F(x,y)=<x,1>,(4) F(x,y) =<1,y >
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b) Below are two xgctor fields. Which one is clearly not conservative, and why?
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c) Say in the vector field [C] above you jntegrate over a straight line from (0,-1) to=h@ TS the integral positive,
negative, or zero? J‘\.M Cok (‘Ll\h WA @

Are the following statements true or false: ONM\ (:?"'l\ % u“‘

a) Ifthe divergence of a vector is zero, the vector field is conservative. F
b) If F(x,y,z) is a conservative vector field then curl/(F)=0 T

c) If aline integral is independent of the path, then J.F -dr =0 for every path C :F
c

d) Ifa vector field is conservative then IF -dr =0 for every closed path C T
C



e) J. J. dA denotes the surface area of the region R T_ ( Mu)
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g) Can you apply the Fundamental Theorem of line integrals for the function f(x, y,z) = xysin(z)cos(x* + y°) ??
h) Can you apply the Fundamental Theorem of line integrals for the vector field —

F(x,y)=<6xy> =3x>,6xy+3y> —=7>2
i) Can you apply Green’s theorem for a curve C, which is a straight line from (0,0,0) to (1,2,3)?F

Z— -

4. Suppose that F(x, y,z) =< x’y’z,x’z,x*y > is some vector field.
a) Find div(F)
347 y2 z

b) Find curl(F)
(x3y2 — 2xy)‘ey + (2xz — 2x3yz)éz

¢) Find curl(curl(F))
2% + ( -2z+ 6x2yz)é + (.’))czy2 — 2y)é
X ¥y z

d) Find div(curl(F))
0

e) grad., div., and curl of the vector field if appropriate for < X2, yz,z2 >
grad =n/a, div =2x+2y+2z, curl =0

f) grad., div., and curl of the vector field if appropriate for < cos(y)+ ycos(x),sin(x) — xsin(y),xyz >
grad =n/a, div= "> sin(x) —xcos(y) +xy ,curl = (xz)éx —yzév

g) grad., div., and curl of the vector field if appropriate for f(x,y,z) = zIn(x* + y*)

2zx  _ 2zy _ 2 2Y )=
- |
grad = x2+y2 ex+ x2+y2 ey+(n(x +y ))ez

5. Decide which of the following vector fields are conservative. If a vector is conservative, find its potential function
a) F(x,y)=<2xy,x*> 2
M) conservative | ‘0 [\()l/} lg X (ﬁ‘ 1 C_

b) F(x,y)=<e" cos(y),e" sin(y) >
Not conservative

¢c) F(x,y,z)=<sin(y),—xcos y,1 >
Not conservative
i Vo k
d) F(x,y,z)=<2xy,x> +2z°2zy > &( 02} 9’4 2 <Z("ZQ*) Vi @I (x- 7&7
W conservative Tx a it ZQ»"} \C (><l ,,}, 1\2 X’Ly . {‘ «C
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e) F(x,y)=<6xy’—3x",6x’y+3y>-7>
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f) F(x,y)=<-2ysin(2x),3y*(1 + cos(2x) >

ym.mwvww vy b
g) F(x,y)=<4xy+ z,2x° + 6y,2z > 0,( 0\’ 01 z <®" ’

f=3x72 y2 — x"3 + y*3 -Tx + C N < 'S"" (,“Lﬂ\u\‘\\ “a{ - "Cﬂtﬁ‘[h\

Not conservative ‘(X“\ a qu‘f c‘; u‘
h) F(x,y)=<4xy+z>2x> +6yz,2xz >
Not conservative L \k

l
. Evaluate the following integrals: 5} g S\LLV? \X‘A\
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a) J‘ I cos(x*)dA wherelR i,s‘the triangular region bounded by y =0, y =x, and x = 1
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J- I dS swhere S is the portion of the hemisphere_ f'(x, y) =
R
+ y2 < 1
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7. For the following line integrals there is a short-cut you can use to simplify your computations (but justify your
shortcut by quoting the appropriate theorem)

a) IF -dr where F(x,y,z)=<e" cos(y),—e" sin(y) > and C is the curve r(¢) =< 2 cos(t),2sin(t) >,

0<t<L2x

T contrvnlne, C ol e 5‘ Felr 20

b) I2xyzdx + Xx°zdy + x* ydz where C is some smooth curve from (0,0,0) to (1,4,3)
C

< L[l fano) <10, oho Plga)s xYye d pld ki

c) IF -dr where F(x,y) =<y’ +1,3xy”> +1> and C is the upper half of the unit circle, from (1,0) to (-1,0).
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d) J.F dr where F(x,y)=<y"x,3xy* > and C is the 11ne segment from (-1,0) to (2,3).
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e) J.y3dx +(x* +3xy”)dy where C is the path from (0,0) to (1,1) along the graph of y = x* and from (1,1) to (0,0)

along the graph of y =x.
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Y/ ”F ds swhere F(x,y,z)=<x,y,zp and Sis)x’ + y* +f° =4
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8. Green’s Theorem

a) Use Green’s theorem to find .[F -dr where F(x,y)=<y’,x’ +3xy> > and C is the circle with radius 3,

oriented counter-clockwise (You may need the double-angle formula for cos somewhere during your
computations)
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b) Evaluate j I dA where R is the ellipse % + 2o by using a vector field F'(x,y) =< p4 f > and the

boundaryCof the ellipse R. <Zc%a ENTA [n) {e C(?,'le
fg,{,{,ld“’ K—{ )J/f =3 gyo(xfxdg ] f T (F)-(zguli] + zeot]- Semr f) ol
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9. Evaluate the following integrals. You can use any theorem that’s appropriate:

c) J.2xyzdx +x°zdy + x* ydz where C is a smooth curve from (0,0,0) to (1,4,3)

C ’()&QQM doe e

d) J. vdx + 2xdy where C is the boundary of the square with vertices (0,0), (0,2), (2,0), and (2,2)
C

Giea H 2-1oft = ovrer (smuame) ﬁ‘
f

e) Ixy dx+x ydy where C is given by () =< 4 cos(¢),2sin(z) >, t between 0 and 2 Pi.
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f) Ixydx + x°dy where C is the boundary of the region between the graphs of y = x> and y = x.
C
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10. Prove the following:
a) If F(x,y,z)=<M(x,y,2z), N(x,y,z),P(x,y,z) > is any vector field where M,N,P are twice continuously

differentiable then div(curl(F )) 0

A fungfion (not a vectfr field) f(x, ¥, z) is called larmonic 1f 2 8 \Wy
oy z
fungtion f(x,y,£) the functio 1 6 harmonic.
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