Math 2511: Calc Ill - Practice Exam 3

State the meaning or definitions of the following terms:

a) vector field, conservative vector field, potential function of a vector field, volume, length of a curve, work,
surface area, flux integral

b) curl and divergence of a vector field F, gradient of a function

c) ”dA or ”f(x, y)dA or ffo f(x,y,z)dv

R

d) jjds or jds or [ f(x,y)ds or [ f(x,y)dxor [ f(x,y)dy or [f; g(x,y,2)ds
C C C C

R

e) IE-dF or J.J.I_f-ﬁds
C S

f) IM (X, y,2)dx+ N(x,y,z)dy + P(x,y,z)dz
C

g) What does it mean when a “line integral is independent of the path”?

h) State the Fundamental Theorem of Line Integrals. Make sure to know when it applies, and when it helps.
i) State Green’s Theorem. Make sure to know when it applies, and in what situation it helps.

j) State Gauss’ Theorem. Make sure to know when it applies, and in what situation it helps.
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Q) F(Xy)=<Xxy>,2) F(X,y)=<-y,x>,(3) F(X,y)=<x1>,(4) F(x,y)=<1ly>

b) Below are two vector fields. Which one is clearly not conservative, and why?
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c) Say in the vector field [C] above you jntegrate over a straight line from (0,-1) to (-1,0). Is the integral positive,
negative, or zero? \ou% AU,

Avre the following statements true or false:
a) If the divergence of a vector is zero, the vector field is conservative. F
b) If F(X,Y,z) isa conservative vector field then curl(F)=0 T

c) If aline integral is independent of the path, then J-F -dr =0 for every path C :F
C

d) If a vector field is conservative then '[F -dr =0 for every closed path C T
C



e) ”dA denotes the surface area of the region R T_ (tmu)
R

f) HdS denotes the volume of the region R ‘: ( \w‘ﬂl&‘
R

g) Can you apply the Fundamental Theorem of line integrals for the function f (X, Y, z) = xysin(z) cos(x® + y?) ?T
h) Can you apply the Fundamental Theorem of line integrals for the vector field —
F(X,y)=<6xy? —3x?,6x°y +3y> -7 >?
i) Can you apply Green’s theorem for a curve C, which is a straight line from (0,0,0) to (1,2,3)?_F
j) Can you apply the Divergence theorem to the plane x+y+z=1 over [-1, 1] x [-1, 1]? F

Suppose that F(X, Y, z) =< x®y?z, X%z, x°y > is some vector field.
a) Find div(F)
3x2y22

b) Find curl(F)
(x3y2 — 2xy)éy + (2xz — 2x3yz)éz

c) Find curl(curl(F))
2Pz + (—22 + 6x2yz)é + (3x2y2 — 2y)é
X y z

d) Find div(curl(F))
0

e) grad., div., and curl of the vector field if appropriate for < x*, y?,z* >
grad =n/a, div =2x+2y+2z, curl =0

f) grad., div., and curl of the vector field if appropriate for < cos(y) + ycos(x),sin(x) — xsin(y), xyz >
grad = n/a, div = -ysin(x) —xcos(y) +xy ,curl = (xz)éx —ye

g) grad., div., and curl of the vector field if appropriate for f(x,y,z) = zIn(x* + y?)

2o + e + (I +57))e
Xyt x4y z

grad =

Decide which of the following vector fields are conservative. If a vector is conservative, find its potential function
a) F(x,y)=<2xy,x*> 1
Mip] conservative | ﬁ [x 1‘1 l< X ‘,3, 1C

b) F(x,y)=<e*cos(y),e*sin(y)>
Not conservative

c) F(x,y,2z)=<sin(y),—xcosy,2l>

Not conservative . \ L
{
d) F(xy,2)=<2xy,x*+12%2zy > B 0»} fh, 2 <Z{-~Z§L) O~ (% (- 7><)
Mt conservative Ix Kt e 'F(h ,1\z X'L 4-{2 ¢C

e) F(x,y)=<6xy>—-3x*6x’y+3y*-7>



F=3x"2y"2-x"3+y"3-7Tx+C

f)  F(X,Y)=<-2y’sin(2x),3y* (L+ cos(2x) >
Py L
9) F(x,y)=<4xy+z,2x*+6y,2z> O 0\1 01 z <®’ '
Not conservative c,w\ a Zx«fCt) &
h) F(X,y)=<4xy+2?,2x* + 6yz,2Xz >
Not conservative

—_—

Evaluate the following integrals:
a) ”cos(xz)dA wherelR i’s(the triangular region bounded by y =0,y = x,and x =1

({ ealedtyde = § s (0
00

b) HdS where S is the portion of the hemisphere f (X, y) =+/25—x* — y? that lies above the circle

X’ +y* <9 §§l/(4[;7(,‘ R (fmdﬂ f{ﬁ—,}:ﬂlﬂ

c) sz —y+3zds where C is a line segment given by r(t) =<t,2t,3t >, 0<t<1 -
C
e . (B)
b= 4 | imeatolk V)%

d) jF -dr where F(x,y) =<y, x? > and C is the curve given by r(t) =<4—-t,4t—t*> >, 0<t<3

§ fob xdy = f(crl— ) (0) ol + (G- P (-2t lh - 5

| (—4r+r+(47r] 1471:—;),-';:1?’

e) .[ydx+x dy where C is a parabolic arc given by r(t) =<t1-t>>, —1<t <1

§ (=) olk+ (Ul ol = ‘f/

—

f

~—

” (x + z)dS where S is the first-octant{pgrtion of the cylinder y? +z? =9 between x = 0 and x = 4

't tl el suico, wo F *»)

g) Find the flux of the vector field F (X, Y, z) =< X, Yy, z > through the surface given by potion of the paraboloid
z=4-x%-y? that lies above the xy-plane. Note that this surface is not closed.
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For the following line integrals there is a short-cut you can use to simplify your computations (but justify your
shortcut by quoting the appropriate theorem)

a) .[ F -dr where F(X,y,z) =<e" cos(y),—e"sin(y) > and C is the curve r(t) =< 2cos(t),2sin(t) >,
C

0<t<2n

T contwrunline, C doh e 5\ Felr 20

b) _[nyzdx + x°zdy + x?ydz where C is some smooth curve from (0,0,0) to (1,4,3)
C

< Ol Flaoo) =, b Plpt) - x4 e plodid Sy

c) J. F -dr where F(X,y) =< y® +1,3xy? + 1> and C is the upper half of the unit circle, from (1,0) to (-1,0).

o (- e -7 cehee Lo |e xptex o pload funidin

d) JF -dr where F(x,y) =< y°x,3xy? > and C is the line segment from (-1,0) to (2,3).

C w(H= <0 t <3< 22l

(o) (1e3] bk +3 Gl Tolde= %

L) —
L
e) Jysdx +(x* +3xy?)dy where C is the path from (0,0) to (1,1) along the graph of y = x* and from (1,1) to (0,0)
C

along the graph of y = X.

(e T =995~ S ‘fxz di ol =~ [/cl_
,l/jﬂ; gr < " o{" b} <

) ”Eﬁds where F(x,y,z)=<X,y,z>andSis x> +y* +z° =4
S

Gurer (Bl < (o)l = ST~ 3900’

—




8. Green’s Theorem

a)

b)

Use Green’s theorem to find j F -dr where F(X,y) =< y®, x> +3xy® > and C is the circle with radius 3,
C

oriented counter-clockwise (You may need the double-angle formula for cos somewhere during your

computations)

fﬁxﬁ]‘“ b ~ ﬁzmmze rlrdld) = &F

2 2
Evaluate HdA where R is the ellipse x7+y_ =1 by using a vector field F (X, y) =< —X XS and the

boundary C of the ellipse R. v(})- <Zc@;ﬂ 35 (0] de o ’le

(T LG fobondy < § [-tmth sl cot st

(-

9. Evaluate the following integrals. You can use any theorem that’s appropriate:

c)

'[2xyzdx +x?zdy + x?ydz where C is a smooth curve from (0,0,0) to (1,4,3)

C %“M doe e

d) J‘ ydx + 2xdy where C is the boundary of the square with vertices (0,0), (0,2), (2,0), and (2,2)
C

Gte ([ 2-1of} = or (v = ¢
i

e) Ixy dx + x ydy where C is given by r(t) =< 4cos(t),2sin(t) >, t between 0 and 2 Pi.

ﬂ’ ’Zxc& %«3 (',{ﬁ O ( oo cfww( Cwrve fcoufuw(v\zc Vetﬁv %MW(/



f) jxydx + x%dy where C is the boundary of the region between the graphs of y=x"and y=X.
C

Gan (Tt [ oo < Yo
0 X

10. Prove the following:
a) If F(x,y,2)=<M(x,Y,2),N(x,Y,2),P(x,y,z) > isany vector field where M,N,P are twice continuously
differentiable then div(curl(F))=0
A\

o’f o°f o

b) A function (not a vector field) f (X, v, z) is called harmonic if + +
) ( ) ( y ) aXZ ayz 8Zz

= 0. Show that for any

function f(x,y,z) the function Lt is harmonic.
f(x,y,2)



