Math 2511: Calc Il - Practice Exam 3

State the meaning or definitions of the following terms:

a) vector field, conservative vector field, potential function of a vector field, volume, length of a curve,
work,

b) curl and divergence of a vector field F, gradient of a function

c) j j dA or j j f(x,y)dA
d) j j ds or [ds or j F(x,y)ds or j £ (x, v)dx or j F(x, v)dy

e) jF -dr where F is a two or three dimensional vector field
C

0 [M(x, p)dx+ N(x, )dy

c
g) What does it mean when a “line integral is independent of the path”?
h) State the Fundamental Theorem of Line Integrals

i) Please state Green’s Theorem. Make sure to know when it applies, and in what situation it helps

Below are four algebraic vector fields and four sketches of vector fields. Match them.

T it e T L \\\\\:::1}|[:Ij;;;j;
5?;5;;:::: BN v [ A APy
'(/// LR LA r LR e
Yy ANENEY s P ERr e
Iy "y (RN [P
Ve Y O P
A LI e
[ Tl b
1L 1 T
] d ] it il
31!'{2 Jr$ ﬁx,.zﬁ___i
]l\\\ 'r'rl:lr ERE L T T T e e
LAY P B [ A e
§\\: FA S R L
Mot ravr EEF [ SN
RN AFS LA [ T R T T
R s e e LR R ) PV A SRR [ T T Y
T e T e R TS B R R R A
[A] RPN IR e [B] FAEEEE DI U
A T
P R e R B N N N LT T A TR TR RN E B A
IAAARAAAAe A AN [
PSRRI et NN 1o = I
B I e e e} e W T T T T T It A O O S
44444444444444444444 EASARAAYMY NS
JJJJJJJJJJJJJJJJJJJJ RN ANV RS
____________________ \\\‘Q\\Q\HDI 11 rr!x;f//
T T — —— = — T T T T T Ve ey
S O RSOV O 1 WO AN T I fﬂf:?///:ﬁ
e B N T T B I B Y Y A A
e e e e e e e e e e e e e R L L L T T B I B R A A
HHRHMHH\@HMHHHHMHMH R 1[45{-] rrrr7r707
B e L T T T ] I A P
" S e e e T R S e e e Ty T T T e WL T T T T T I I A B A S P g
T T T R T T TR T T e T T T e e e TR BT e W T T T I Y A S
T g T ey T T T T g Ty T Ty T My e e BN YNNI RS S S SSS
[C]\\\\\\\\Mﬁ\\\\\\\\\\[D]\\\\\\\\l%][f?!f////

(1) F(x,y)=<x,y>,2) F(x,y)=<-y,x>,(3) F(x,y)=<x,1>,(4) F(x,y)=<1,y>

b) Below are two vector fields. Which one is clearly not conservative, and why?
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c)

Say in the vector field [C] above you integrate over a straight line from (0,-1) to (-1,0). Is the integral
positive, negative, or zero?

Are the following statements true or false:

a)
b)
c)
d)
e)
f)

g)
h)

)

)

If the divergence of a vector is zero, the vector field is conservative.
If F(x,y,z) is a conservative vector field then curl(F) =0

If a line integral is independent of the path, then IF -dr =0 for every path C
C

If a line integral is independent of the path, then IF -dr =0 for every closed path C
C

If a vector field is conservative in a disk then J F -dr =0 for every closed path C inside that disk
C

I J. dA denotes the surface area of the region R
R

j J. dS denotes the volume of the region R
R

Can you apply the Fundamental Theorem of line integrals for the function
f(x,y,z)=xysin(z)cos(x* + y*)?

Can you apply the Fundamental Theorem of line integrals for the vector field
F(x,y)=<6xy> =3x>,6x*y+3y> -7>?

Can you apply Green’s theorem for a curve C, which is a straight line from (0,0,0) to (1,2,3)?

Suppose that F(x, y,z) =< x’y*z,x’z,x”y > is some vector field.

a)
b)
c)
d)
e)
f)

g)

Find div(F)

Find curl(F)

Find curl(curl(F))
Find div(curl(F))

grad., div., and curl of the vector field if appropriate for < x°,y*,z* >
grad., div., and curl of the vector field if appropriate for < cos(y)+ y cos(x),sin(x)— xsin(y),xyz >

grad., div., and curl of the vector field if appropriate for f'(x, y,z) = zIn(x* + y*)

Decide which of the following vector fields are conservative. If a vector is conservative, find its potential
function

a)
b)
c)
d)
e)
f)

g)
h)

F(x,y)=< 2xy,x2 >
F(x,y)=<e"cos(y),e"sin(y) >
F(x,y,z)=<sin(y),—xcos y,1 >
F(x,y,z)=<2xy,x" +z°,2zy >

F(x,y) =< 6xy> =3x°,6x°y+3y*> -7 >
F(x,y) =< -2y’ sin(2x),3y* (1 + cos(2x) >
F(x,y)=<4xy+z2x" +6y,2z>

F(x,y) =<4xy+z°,2x" +6yz,2xz >

Evaluate the following integrals:

a)

j '[ cos(x*)dA where R is the triangular region bounded by y =0, y =x, and x = 1
R



b) _” dS , where S is the portion of the hemisphere f(x, y) =+/25—x" —y* that lies above the circle
R

x*+y*<9
c) Ixz —y+3zds where C is a line segment given by r(¢) =<1t,2t,3t >, 0<t<1
c

d) JF'dr where F(x,y)=<y,x* > and C is the curve given by r(f)=<4—-t4t—1> >, 0<r<3
c

e) Iydx+ x’dy where C is a parabolic arc given by (1) =<1,1-t> >, —1<¢ <1
c

f) I J. (x + z)dS where S is the first-octant portion of the cylinder y? +z% =9 between x =0 and x = 4
s
g) Find the flux of the vector field F'(x, y,z) =< x, y, z > through the surface given by potion of the

paraboloid z=4—-x* —y? that lies above the xy-plane. Note that this surface is not closed.

For the following line integrals there is a short-cut you can use to simplify your computations (but justify your
shortcut by quoting the appropriate theorem)

a) jF -dr where F(x,y,z)=<e" cos(y),—e" sin(y) > and C is the curve r(¢) =< 2 cos(¢),2sin(¢) >,
C

0<¢t<L2rx
b) j2xyzdx + x’zdy + x* ydz where C is some smooth curve from (0,0,0) to (1,4,3)
C

c) jF -dr where F(x,y) =<y’ +13xy’> +1> and C is the upper half of the unit circle, from (1,0) to (-
C

1,0).
d) jF -dr where F(x,y) =< y°x,3xy” > and C is the line segment from (-1,0) to (2,3).
C

e) jy3dx +(x° +3xp°)dy where C is the path from (0,0) to (1,1) along the graph of y = x’ and from (1,1)
C
to (0,0) along the graph of y = x .

Green’s Theorem

a) Use Green’s theorem to find J. F -dr where F(x,y)=<y’,x’ +3xp> > and C is the circle with radius
C

3, oriented counter-clockwise (You may need the double-angle formula for cos somewhere during your

computations)
2

2
b) Evaluate HdA where R is the ellipse XT + % =1 by using a vector field F'(x, y) =< —% ,g > and
R

the boundary C of the ellipse R.

Evaluate the following integrals. You can use any theorem that’s appropriate:

c) j2xyzdx +x°zdy + x*ydz where C is a smooth curve from (0,0,0) to (1,4,3)
C

d) j vdx + 2xdy where C is the boundary of the square with vertices (0,0), (0,2), (2,0), and (2,2)
C

e) jxyzdx +x°ydy , where C is given by 7(f) =< 4 cos(t),2sin() >, t between 0 and 2 Pi.
C



f)

Ixydx + x°dy where C is the boundary of the region between the graphs of y = x> and y = x.
C

10. Prove the following;:

a)

b)

If F(x,y,z)=<M(x,y,z),N(x,y,z), P(x,y,z) > is any vector field where M,N,P are twice
continuously differentiable then div(curl(F)) =0

2 2 2
A function (not a vector field) f(x, y,z) is called harmonic if a@ ]: + 86 ]: + 2{ =0. Show that for
X )y 4

any function f(x,y,z) the function - is harmonic.

(x,y,2)
Use Green’s Theorem to prove that integrals of a conservative vector fields over closed curves are zero
(assuming that the closed curve encloses a simply connected region and all conditions of Green’s theorem
are satisfied).



